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The synchronization of coupled oscillations has proven to be a useful model for describing the dynamics of a large number of physical systems. Perhaps the simplest
system which can capture such dynamics is that of two oscillators coupled through
the motion of a free platform. In recent years, there has been a considerable amount
of research on the case of N = 2; however, little work has extended to larger numbers
of oscillators. The goal of the current work is to quantify the time to synchronization
for N = 2 through N = 9 metronomes on a movable platform, through experimental investigation and numerical simulation. Our results show a considerable level of
agreement between the two, and discrepancies are explored. Possibilites for future
work and potential improvements are noted.

I.

INTRODUCTION

understanding of such phenomena. So, as
with any system that is to be scientifically un-

The phenomenon of synchronization is derstood, the simplest case is the best place
found throughout nature and in many appli- to begin; for synchronization, the case of two
cations of different fields of science. Exam- identical, coupled oscillators is perhaps the
ples of synchronization1 include the flashing simplest.
of firefly populations, the firing of pacemaker

Research into the mutual synchronization

cells in the heart, applications of Josephson of two identical coupled oscillators is believed
junctions, coupled fiber laser arrays, and per- to date back to the work of Christiaan Huyhaps even epileptic seizures. Many instances gens in the 1600’s, in which he discovered
of synchronization in nature and applications and investigated the synchronization of two
in science become extremely complicated as pendulum clocks hanging on a common supsoon as multiple variables or several coupled port beam2 . Motivated by the goal of solving
oscillators are introduced. However, the per- the “Longitude Problem,” Huygens reached
vasive presence of synchronization in nature some insightful conclusions about the nature
and science motivates work towards a deep of this system, eventually concluding that
1

small movements of the support beam with ate to expand this theory to a larger number
every oscillation were responsible for the an- of coupled oscillators. This is the goal of the
tiphase synchronization that consistently oc- current work.
curred.
Significant progress has been made in ex-

II.

EXPERIMENT

plaining simple instances of synchronization.
In 2002, Bennett et al.3 constructed an appa-

The experimental setup, similar to that of

ratus meant to recreate the setup described Pantaleone4 , is depicted in Figure 1 for the
by Christiaan Huygens.

The experimen- case of N = 3. For each value of N , 2 through

tal and numerical results agree qualitatively 9, the corresponding number of metronomes
with records from Huygens’s research. Con- (model: Wittners Super-Mini-Taktell Series
currently, Pantaleone4 investigated a similar 880) are placed side-by-side on a rigid styrosetup in which metronomes were placed on foam platform, which is then placed on top
a common support which was free to roll of two aluminum soda cans; the cans are
across cylinders, allowing coupling through placed upon a thin, smooth plastic block inthe low-friction horizontal translation of the tended to reduce frictional effects. The orienplatform. Pantaleone’s theoretical analysis tation is such that the platform is free to oneprovided agrees with the experimental obser- dimensional translation in the same plane as
vations reported.

the pendulum oscillations. It is these oscilla-

In 2009, Ulrichs et al.5 reported agreement tions of the platform which provides the couwith Pantaleone’s results in computer simu- pling of the metronomes.
lations. Additionally, these simulations were

The metronomes are started with “ran-

run for coupling of up to 100 metronomes dom” initial conditions, by sequentially tiltand reportedly showed chaotic and hyper- ing each pendulum to about 45◦ and then rechaotic behavior. A paper by Wiesenfeld and leasing it. During this time, the platform is
Borrero-Echeverry6 , currently in the process held steady; with the release of the N th penof publication, investigates how varying the dulum, the platform is released as well, meanparameters of two coupled oscillators can af- ing that the metronome coupling begins at
fect the synchronization outcome.

this time. The entire experimental setup is

One may argue that a strong theoretical recorded with a video camera, which streams
understanding of the N = 2 case has been live into a computer via a firewire. Labview
developed in recent years; it seems appropri- software is used to track a white dot that has
2

been placed on each pendulum bob and the chronization. A complication to this matter,
center of the platform. This setup is depicted however, is the noise and experimental unin Figure 1, and an actual image of the setup certainty inherent to physical measurements,
is provided in Figure 2. The resulting data which makes the peak value that is returned
is a text file containing a series of times and not necessarily match the center of the oscilthe x and y positions of N + 1 points.

lation, as illustrated in Figure 4 (Bottom).

This data is then read into Matlab for
analysis. We make use of only the x coordinates, since the largest displacement is in
that direction. For illustrative purposes, the
x displacement in pixel units as a function
of time is plotted in Figure 3. To shift all
these oscillations to a common origin, we subtract each metronome’s mean x-value from
its time series. This effectively shifts each
metronome’s oscillations to be about zero.
The beginning of a data run for N = 2, after
applying this shifting, is depicted in Figure 4
(Top).

To quickly and simply remedy this issue,
we do the following. For the first peak of an
arbitrarily chosen metronome, we look some
 away in both directions and note the location of every other metronome’s peak within
that range. We then average the time values
of those peaks to obtain a better estimate of
the center of the group of local maxima of
each metronome. From this new value, we
look  away in each direction and test for N
metronomes. If all N are found, we test that
this condition is satisfied for the next sequential k peaks. If so, this time marks synchro-

Now, using Matlab’s “findpeaks” function,
we are able to determine the time to synchro-

nization; otherwise, we step forward in time
and test again.

nization. The first step is to determine the
time at which coupling begins. This value,

To determine what value of  to use, we

as previously described, will be the first peak note that too large a value will result in too
(in absolute value) of the N th metronome. lenient of a test for synchronization, but too
This is indicated by a red circle in Figure 4 small of a value will not account for the peak
(Top). To then determine the time to syn- uncertainty as depicted in Figure 4 (Bottom).
chronization from this point, we use a quick Additionally, the time discretization of the
and simple method. Synchronization, by def- firewire image streaming requires  > 20ms.
inition, refers to oscillations in unison; when We determine that  = 40ms and k = 20
the peaks of the time series of x-positions give reliable results for measuring the time
align, we have this unison, and thus syn- to synchronization.
3
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FIG. 1: Experimental setup for the case of
N = 3. Variables are indicated. Note that this
figure is not to scale.
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FIG. 4: (Top) A time series of x
displacement where all oscillations have
been shifted to the origin. The peaks found
FIG. 2: A photo of the experimental setup for

by Matlab’s “findpeaks” function are

the case of N = 8.

indicated by blue circles. The peak which
indicates the start of the N th metronome
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III.

FIG. 3: Raw Labview data of the x

THEORY

displacement of 2 metronomes (red and green)

The equations of motion for two cou-

and the platform (blue).

pled pendulums are available in Bennett et
4

al.3 and Wiesenfeld and Borrero-Echeverry6 .
These equations may easily be extended to

µ=

m
M + Nm

(6)

N metronomes:
s
γ̃ = b

1
g
φ̈j + bφ̇j + sin φj = − Ẍ cos φj + Fj (1)
l
l
Γ=
2

l
4g

B
(M + N m)

(7)

s

l
4g

(8)

d
(sin φ1 +
dt2
All parameters and variables described are
(2)
sin φ2 + ... + sin φN )
well defined and can be experimentally mea-

(M + m)Ẍ + B Ẋ = −ml

where φj is the angular displacement of the sured or estimated, with the exception of
jth pendulum, b is the pivot damping coeffi- F̃j , the impulsive drive of the metronome,
cient, g is the acceleration due to gravity, l which receives a treatment first described by
3
is the pendulum length, X is the linear dis- Bennett et al. . The escapement mechanism

placement of the platform, F is the impul- which “kicks” the metronome is mimicked in
sive drive, M is the platform mass, m is the two parts: first, the angular velocity of the
metronome bob mass, B is the platform fric- pendulum is slowed by some factor γ, and
tion coefficient, and the dots represent differ- then, a numerical constant c is added to the
angular velocity:

entiation with respect to time.
Nondimensionalizing results in the follow-

dφ
dφ
→γ
+c
dτ
dτ

ing:

(9)

With a complete theoretical model, we
2

2

d φj
dφj
dY
+ sin φj = − 2 cos φj + F̃j must estimate the values of our parameters
2 + 2γ̃
dτ
dτ
dτ
(3) before we can fully construct a computer simulation of the experiment.
d2 Y
dY
d2
+
2Γ
=
−µ
(sin φ1 + ... + sin φN )
dτ
dτ 2
dτ 2
IV.
(4)
where we have introduced the dimensionless parameters:

PARAMETERS

Several parameters must be estimated for
use in the simulation. With the exception

r
g
τ =t
l

of gravitational acceleration and the num(5)
5

ber of metronomes, all parameters must be

estimated with a varying amount of uncer- used in Wiesenfeld and Borrero-Echeverry6 .
tainty. The platform mass contains perhaps

The pendulum length l, the final remain-

the least uncertainty, and is given (in kilo- ing parameter, is difficult to estimate begrams) by M = 0.0655+N (0.094−m), where cause of a simplification in the model, differwe include the mass of the metronome mi- ent from the metronome we use in our expernus the bob in the total. The pendulum bob iment. The simulation models a pendulum
mass is estimated as 0.022kg; this is only esti- with a point mass, m, a distance l from the
mated because an exact measurement would pivot. The metronome, in reality, has two
require the destruction of borrowed experi- spatially extended masses located at two difmental materials.

ferent distances from the pivot. An attempt

The pivot damping coefficient, b, is esti- to calculate an equivalent distance resulted in
mated from a measurement of the decay time l = 0.025m; however, this gives a natural frefor an undriven oscillation of the metronome, quency for the simulation that is considerably
experimentally determined as tdecay = 20s; higher than what is experimentally observed.
the value used for b is thus b = 2m/tdecay = The simulation was run a second time with a
0.0022. The platform damping coefficient, new value of l = 0.1m to match the natural
B, has a considerable amount of uncertainty; frequency of the pendulums in the simulation
we expect that for our soda cans rolling on to that of the experiment.
a smooth surface, the damping should be
very small, so we somewhat arbitrarily pick

V.

SIMULATION

B = 0.001.
As far as the parameters corresponding to

Incorporation of equations (3) − (9) and

the modeling of the escapement mechanism the parameters listed above into a computer
are concerned, γ is difficult to estimate, but model allows for a simple numerical investic can be predicted fairly well. For c, this gation for the cases of N = 2 through N = 9.
is because it is primarily the magnitude of For each case, we run 100 simulations with
this kick that determines the amplitude of the randomly selected initial conditions (similar
pendulum after several oscillations; we exper- to the “random” initial conditions of the eximentally observe oscillations in the range of periment) of approximately constant total
about 45◦ , so we can adjust the value of c energy. The equations of motion are inteaccordingly. For our simulation, we have de- grated in the simulation up to τ = 2000, and
cided to use γ = 0.97 and c = 0.025, as was synchronization is determined from two cri6
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FIG. 6: The time to synchronization for

experiment and simulation. Simulation

experiment and simulation. Simulation

parameters are our “best estimate,” as

parameters are our “best estimate,” as

indicated in Section IV above, with l = 2.5cm.

indicated in section IV above, with l = 10cm.

Error bars indicate one standard deviation.

Error bars indicate one standard deviation.

The natural frequency of the simulation is

The natural frequencies of the simulation and

about 3 times that of the experiment.

experiment are approximately equal.

teria: (1) applying the same test from the ex- φj vaues. This line should be compared to the
perimental determination, but applied to the experimental result, but since the simulation
simulation φj variables, and (2) applying a is not subject to experimental error, this cri“strict sync test” in which all peak φj values teria may be too lenient. The second simulamust be within one time discretization. Runs tion line, drawn in green, uses a “Strict Sync
Test” to determine synchronization; the con-

which fail to satisfy the criteria are noted.

dition for synchronization in this case is that
VI.

all peak values of φj must be within one time

RESULTS

discretization. These two lines are intended
The time to synchronization for experi- to provide a range of simulation synchronizament and simulation is shown in Figures 5 tion times depending on the stringency of criand 6. Since the definition of synchronization teria.
is somewhat subjective, two synchronization

Figure 7 shows the proportion of runs in

tests are used for the simulation. The first, both the experiment and simulation that satdrawn in blue, uses the same criteria as for isfy the synchronization criteria within the
the experiment, applied to the time series of allotted time. The decrease in synchroniza7

demonstrated (see Figure 6 of Wiesenfeld and
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of Wiesenfeld and Borrero-Echeverry6 , a thin
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VII.

FIG. 7: (Top) The proportion of runs that
synchronize within the allotted time.

CONCLUSION

We extend recent theoretical developments in the modeling of coupled oscillators

tion for N > 5 in the experiment may beyond the N = 2 case.

We investigate

be attributable to short data runs, typi- the time to synchronization for N coupled
cally of only 2 minutes.

Had we waited metronomes both numerically and experi-

longer, perhaps synchronization would have mentally, and find considerable agreement
been reached; however, more than once we between the two, especially when the simuwaited as long as the metronome winding lation parameters are altered to match the
would allow, and synchronization was not natural frequency experimentally observed.
observed. For the simulation, synchroniza- Discrepancy between simulation and expertion is observed in every case except N = iment may be attributed to a number of fac2.

Although this suggests that there are tors, including but not limited to: (1) incor-

some fundamentally different dynamics be- rect estimates of parameters, (2) experimentween the experiment and simulation, this re- tal complexities not captured by the model
sult in the simulation may be explained as (e.g. the metronome “kick” mechanism, a refollows. Wiesenfeld and Borrero-Echeverry action force from the platform, etc.), and (3)
8

limited experimental and numerical statis- platform mass.
tics.
Clearly, there is much to be learned before
VIII.

the phenomenon of synchronization is thor-
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oughly understood, but a solid foundation is
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