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In this work we have hooked up the Chua’s circuit and attempted to characterize

the behaviour of the system by reconstructing the attractor and calculating the cor-

relation dimension from the experimental data. Also we estimated the Lyapunov

exponent of the system and tried to extract an iterative map. Finally we compared

our measurement and calculations with simulation results.

I. INTRODUCTION

Chua’s circuit is an autonomous electronic
circuit capable of having chaotic behaviour
which was first introduced at 1983. The
original circuit contains a resonant tank part
including a capacitor and inductor and a
nonlinear part containing a piecewise linear
diode. It has been shown that the nonlinear
part can assume different forms! 2 3. In fig-

ure 1 a generic schematic of such a circuit

is provided. This circuit has three energy
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FIG. 1. Generic schematic of Chua’s circuit

saving elements (two capacitors and one in-
ductor) and hence the governing differential
equation is of third order. It has been shown
that by replacing the resonant tank with a
higher order RCL ladder one can get a higher
order chaotic nonlinear differential equation?,
so this circuit can also be useful for investi-

gating higher order chaotic systems.

There are several applications that one
might envision for such a system among

which are secure telecominucation® ©,

tra-
jectory recognition’, handwritten character
recognition®and music synthesizer®. In this
work we have chosen a piecewise linear ac-
tive resistor realized by two operational am-
plifiers as the nonlinear part of the circuit.
The schematic diagram of the nonlinear part
is shown in figure 2a. Here we used two op-
amps to mimic a piecewise active resistor.

The general characteristics of such a circuit

is shown in figure 2b.



FIG. 2. Piecewise linear active resistor circuit

The actual values for elements in this cir-
cuit which are used in this work is as follows:
R=10k potentiometer, R1=220, R2=220,
R3=2.2k, R4=22.0k, R5=22.0k, R6=3.3k,
L=15mH, C1=10nF, C2=100nF.

The associated governing equations for
voltages and currents can readily be written
using Kirchoff’s laws which after transform-

ing into dimensionless form as follows!:

dx dy dz

ar = a(y—x—f(x)),g = y—%E = —PBy.

(1)

where
mixr +mg —mq,x > 1
fz) = mox,—1 < ax <1, (2)
mir —my+my,r < —1
and
.’EEE,TEﬁ,aEﬁ,yE‘/Q,
B, Cy Cy B,
mozﬁ,ﬁz Cs A gz ,mlzﬂ.
G LG? B,G G

It is obvious that by changing the value

of our potentiometer we can change my and

my. Also its has been shown!? that in order
to have a period doubling route to chaos we
should have mg < —1 and —1 < my < 0.

To measure the actual values for G, and
Gy we added a 868k resistor in series with
this circuit and hooked it up with a sinu-
soidal wave generator and measured the volt-
age drop across the nonlinear active resistor.
Figure 3 depicts the voltage drop across the
piecewise linear resistor versus the voltage
source. Using this graph we could calculate
the G, and G} values to be -7.5372e-004 Q!
and -6.6965e-004 Q! respectively.
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FIG. 3. Piecewise linear active resistor circuit

Given these values we can calculate my
and m, for different values of G. Figure 4
show that in our setup the route to chaos is
definitely not period doubling for any value
of the potentiometer. Instead, we observed
periodic behaviour, screw attractor, followed
by a double scroll as the resistance of the
potentiometer was increased. In the rest of
our experiment we measured two phase space

variables out of three, i.e. voltages across the
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FIG. 4. Calculated mg and mi versus poten-

tiometer resistance

two capacitors. In the following section we
will discuss methods of attractor reconstruc-
tion and fractal dimension estimation along
with the Lyapunov exponent. Afterwards we

will compare our results with simulation.

II. METHODS

We have used the time delayed method
to reconstruct the attractor in the phase
space. In this method reconstruction is based
on the measurement of only one phase vari-
able. Then the topological replica of the
attractor can be reproduce by considering
X(t),X(t+7),X(t+27),..,X(t+2n7) wherein n
is the embedding dimension of the phase
space. There are several methods to estimate
7 among which is a powerful method based
on an information theoretic concept!®. In this

method the mutual information between X(t)

and X(t+7) needs to be calculated as a func-
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tion of 7 as follows:

Assuming that the range of the signal is di-
vided into N sections and X;s are the samples
of the signal, P, and P, would denote the
probabilities that X; assumes a value inside
the hth and kth sections respectively. Also
Py (1) is the joint probability that X; and
X1 are in sections h and k.

The optimum value for 7 then would be
the smallest possible values which minimizes
I(7). Here we will choose X(t) to be the volt-
age across one the capacitors (V). Figure 5
show the time domain sampled version of the
voltage signals where the sampling rate was

set to 24dKHz. Also we will use the correla-

-
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FIG. 5. Time domain voltage signals sampled at

24KHz

tion dimension concept to estimate the frac-
tal dimension of the attractor. Having a finite
number of points (N) on the attractor one can

find the correlation dimension by evaluation



the following mathematical formation:

N
. 1
C(R) = Jim ~— " H(R—|X; - X))
ij=1

(4)

The slope of capacity (C) versus radius (R)
in log scale will be the correlation dimension.
Regarding the Lyapunov exponents we
used two trajectories with close initial con-
ditions for each attractor (double scroll and
screw attractor). We used our experimental
data to estimate the Lyapunov exponents by

evaluation the following formula'?:

1 6X(t=At)

A= —lnm (5)

At

Here 06X, is the difference between initial
conditions and 60X () is the divergence of the
trajectory after At is passed. Regarding the
fact that At is finite, this definition implies
that the might depend on the initial condi-
tion as well. We took an average over sev-
eral initial conditions to get a more realistic

estimation. Figure 6 depicts the measured

FIG. 6. Trajectories with close initial conditions

data of two trajectories with a rather close

initial conditions. Nearby trajectories were
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obtained by tracing though the data and find-
ing two points in phase space that were closer

than 0.0075 Volt.

ITI. RESULTS

We used equation (3) to estimate the mu-
tual information. In this calculation the sig-
nal range was divided in 100 sections. Fig-
ure 7 shows the mutual information calcu-
lated for the signal shown in figure(5). Its
obvious that the first minimum occurs for 7

equal to 3.
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FIG. 7. Mutual Information vs. delay

Having the optimum delay we can now
reconstruct the topological equivalent of the
attractor in 2D and 3D. Figure 8 shows the
2D reconstructed attractor using the time de-
lay method along with the measured attrac-
tor obtained by measuring the voltages across
two capacitors . In comparison with the mea-
sured 2D attractor we see that most features

in the real attractor are preserved and that



the only major difference is a rotation in the
plane which will not change the fractal di-
mension of the attractor and does not have

any significance.
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(Down) attractor

Figure 9 is the angled view of the recon-
structed attractor in 3D.

Figure 10 shows the capacity versus ra-
dius in log scale calculated using equation (4)
for the reconstructed attractor shown in fig-
ure (7). There are two saturation regions for

large and small values of R which are due to

x{n+3)

FIG. 9. Reconstructed Attractor in 3D

the fact that the attractor is contained in a
finite region in space and also the trajectory
resolution is limited by the sampling rate.
Form this graph the correlation dimension is
estimated to be 1.85. Note that for this es-
timation we have used 4000 data points on
the trajectory. By increasing the data points
this slope slightly increases and approaches
to 1.9 which is in good agreement with other

works!3.

FIG. 10. Correlation dimension

In figure 11 show the Lyapunov exponent



for the double scroll attractor for a random
initial condition. As you see there are lots
of fluctuations on this curve. Still Lyapunov
exponent can be estimated by measuring the
slope of a line fitting the curve. For this
specific initial condition the slope was mea-
sured to be 1.15. This procedure was done
for a number of initial conditions. we got the

arithmetic average of 1.33 with a standard

deviation of 0.3.

FIG. 11. Lypanuov exponent estimation

Note that there the saturation in this
graph is again due to the fact that the trajec-
tories are confined to the double scroll. We
also attempted to extract an iterative map
by using the local maxima of the the sig-
nal corresponding to different conditions of
the circuit. The extracted maps look strange
and we can not explain its general behaviour.

Figure 12 shows one of such maps.

FIG. 12. Iterative map extracted from V

IV. SIMULATION

In this section we used direct numerical in-
tegration of the differential equations in (1)
and compare the results with what we have
measured. Figure 13 shows the three phase
space variables, i.e. the two capacitor volt-
ages and the inductor current. the general
behaviour of the two voltages is similar to

that of our measurement in figure 5.
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FIG. 13. Simulated phase space variable in time

domain

Figure 14 depicts the 2D attractor in the



phase space which is also comparable to that
of measured and reconstructed in figure 8.

The same result holds for the 3D attractor.
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FIG. 14. Simulated 2D attractor

We also repeated the same algorithm to
calculate the correlation dimension of the at-
tractor using simulated data this time with
lower data points. Result is shown in fig-
ure 15 with the slope of 1.84 which is in good

agreement with what we got in figure 10.
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FIG. 15. correlation dimension extracted from

Simulated Data

V. CONCLUSION

In this work we have successfully set up
a nonlinear chaotic circuit and could mea-
sure two phase space variables out of two.
To characterize the circuit we first attempted
to reconstruct the attractor using time delay
method benefiting form an information theo-
retic concept to estimate the time delay. Also
we estimated the Lyapunov exponent of the
system and fractal dimension of the attrac-
tor using correlation dimension which turned
out to be in good agreement which the pub-
lished data. Considering Kirchoft’s laws we
could model the circuit mathematically and
solved the differential equations using numer-
ical methods. Our experimental results are
in good agreement with what simulation sug-
gests. This project can be followed by further
investigation of other mathematical measures
of fractals and chaotic systems. Also one can
try to synchronize two of such chaotic cir-
cuits and use them as the basic components
for realization of a simple secure communi-
cation system. Higher order chaotic system
can ready be implemented by a simple exten-
sion to the RC tank as well. Also by choosing
the right set of parameters for electronic ele-
ments one can achieve period doubling route

to chaos that can be put into test.
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