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Abstract

Abstract: this article deals with an analysis of a 1D Jumping Robot. The previous work
made on this type of system only used simulated data from simplified models. We used a real
robot and recorded data with a video. The first part presents the experiment, the second
focus on the data we recorded and some phenomemon such as bistability and sesitiivity to
initial conditions. The last part shows nome numerical results such as Lyapunov exponent
and and evaluation of the correlation dimension.

1 Presentation of the exper-
iment

1.1 Background
The first trace of 1D hopping robot we found
comes from a work of Marc Raibert in 1984, he
built hopping robots to study stability. This
work was motivated by the fact that animals,
robots and humans have a similar way to jump,
walk ad run. He achieved to set up a robot
which was stable when hopping in one dimen-
sion and which was also sensitive to perturba-
tions. Even if it was a quiet simple model, this
nice start was an incentive for further work.
For instance, Vakakis, Burdick and Caughey
designed a simulation model of this type of sys-
tem and get some interesting nice results such
as an strange-attractor that they can make ’dis-
sapear’ by changing one key-parameter (their
bifurcation diagram converge to a maximum of
4-cycle). Since there was not a lot of litterature
on this subject and that most articles use data
coming from simulations, we worked on a real
robot and tried to analyze its ’road to chaos’.

1.2 Presentation of our system
Our system is composed by one rigid spring,
one motor and one axis. It can only move ver-
tically, the spring is situated at the bottom of
the axis. The electromagnetic motor can cre-
ate a force which will move the axis up and
down. When the force is strong enough, the

whole system starts to bounce. We can set the
initial position, the amplitude of the force, its
type (sinusoid, square...) and the frequency. In
this experiment we focus on the position of the
system since the jumps are not always made
in a periodic way. We used a sinusoidal force
and a motion capture system to collect the data
(since we wanted to use had our accelerometer
but we faced troubles with wire and maintining
the rig. Anyway, the video had a very small
period: 100fps what enables us to get some
relevent data. We fixed a ping-pong ball on the
top of our system, we used the constrast (white
for the ball and black or dark grey for the rest)
so an program could evaluate at each step the
center of the ping-pong ball. This was not per-
fect but the results are good enough to work
on. Each run we recorded was about 30 to 40
seconds long, we didn’t need longer set because
the system goes quickly to a periodic cycle or
a chaotic behavior. Concerning the units, the
amplitude of the motor is in ’counts’ which is a
particular unit that we were unable to measure
precisely in meters and we didn’t manage to
estimate the exact value described by a pixel.
Nevertheles we focus on the behavior and our
results are consistent even in the axis of our
graphic don’t use SI unit. At low amplitude
and frequency, the spring absorb the force and
the system doesn’t jump. By increasing the
frequency and the amplitude, we observe first
periodic cycle (1-cycle, 2-cycle and 3-cycle) and
then some chaotic behavior.
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2 Presentation and Analysis
of the recorded data

Since our program only accepts integer value
for frequency, we mostly modify the amplitude
of the force. For frequencies from 5 to 8Hz we
recorded data with an amplitude going from
800 to 1200 counts. For f=5,6,7 Hz we also
recorded data from 1200 to 1500. For 8Hz the
jumps were too violent at high amplitude so we
limited our analysis to 1200 counts.
As we increase the amplitude and the frequency,
new cycles appear.

2.1 Significant time series exam-
ple

Here a some good example of our observations:

Figure 1: a 1 cycle example

2.2 The Bistability
One surprising thing we observed was a phe-
nomenon of bistability for several signals. This
was not mentionned in the articles we read on
1D Jumping Robot. For a given set (Ampli-
tude, frequency, intial position and speed) the
trajectory of a signal converge to one of two
possible stable states.

Figure 2: A 2 cycle example

Figure 3: A 3 cycle example

Figure 4: A chaotic behavior

Here are the two possible states we observed
for A=1212 counts and f=5Hz:
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Figure 5: First stable state (A=1212 f=5Hz)

Figure 6: Second stable state (A=1212 f=5Hz)

The following graph show a trajectory we per-
turbed and a modification of the periode of the
signal.

2.3 The period-3
Since the famous article of Li and Yorke on the
period-3 (which stems from Sarkovski’s relation
order), we know that if a system exhibts a pe-
riod 3 at a certain level, then it can have every
period and then become chaotic. Our system
had some very clear period 3 and so we knew
that by changing f and A we will find chaos.

Figure 7: Example of bistability (A=1212
f=5Hz)

Figure 8: A 3 cycle example

2.4 The sensitivity to initial con-
ditions

For a fixed set (amplitude, frequency, initial po-
sition, initial speed)=(1200,5,0,0), we recorded
two sets of data. We observe very different tra-
jectories. It proves not only that our system is
noisy and suffers from incertitude (what is not
a surprise) but also that our system presents
a high sensitivity to initial conditions, what is
a caracteristic of chaotic system. Another in-
teresting fact is that the tw otrajectories start
very close, then diverge but at a given point it
converges again to be very close. It suggests
the presence of a strange attractor.

Here is a zoom on the beginning of these
signals:
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Figure 9: Illustration of the high sensitivity to
initial conditions of our system

Figure 10: Illustration of the high sensitivity to
initial conditions of our system -zoom

2.5 The Bifurcation Diagrams
We draw Bifurcation Diagrams for all frequen-
cies we used. To do so we cut off the beginning
of the signal (to let the time required for the
system to enter in its cycle) and then select the
peak and plot them. We limited our research in
amplitude for the security (the robot was jump-
ing very high).

At 4Hz, we only observed 1-cycles whatever the
amplitude.

At 5Hz, after a 1-cycle region, there is a small

Figure 11: Bifurcation Diagram for 4Hz

Figure 12: Bifurcation Diagram for 5Hz

region of 3-cycle for A around 1200 counts and
after only 2-cycles. It appears that the trajec-
tories of the 2-cycles region were not very stable
since a little perturbation make them change.

At 6Hz,the diagram becomes more complicated
with regions for 1,2 and 3-cycles. the important
thing is that chaos seems to begin for A=1212
counts.

At 7Hz, there is a 3-cycle region in the begin-
ning, what is unusual. It becomes a 2-cycles re-
gion after 850 counts and then, at 950 counts,
starts chaos. What will be true for 8Hz also
is that as we increase the frequency the chaos
region starts at lower amplitude.

For 8Hz, it starts with 1 and 2-cycles region but
becomes quickly chaotic (A=775 counts).
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Figure 13: Bifurcation Diagram for 6Hz

Figure 14: Bifurcation Diagram for 7Hz

Figure 15: Bifurcation Diagram for 8Hz

These graphs show how the system behaves
when we modify the frequency and the ampli-
tude. We prove that the two parameters have

an impact on the behavior of the system and
observe some unusual elements such as 3-cycles
region for a start or bistability.

3 Presentation of some nu-
merical results

3.1 Finding the most chaotic time
series

The goal of this part was to find the most chaotic
time series we recorded in order to apply com-
mon methods such as estimation of the largest
Lyapunov exponent and the phase-space recon-
struction. Several ways exist:

• looking at the time series (not relevent
but we can easily select a range of data)

• looking at the Bifurcation Diagram (quiet
efficient but not perfect)

• looking at the power spectrum density and
the autocorellation

• running some tests

Graphical Analysis Looking at a time-series
is not a way to determine if it is chaotic or
random but the bifurcation diagram provides
a good element to analyze the system. In our
case, by taking a time-series at the end of the
bifurcation diagram, we know that we have a
chaotic behavior (but we can’t precisely say the
degree of chaos in it).

PSD and Autocorellation A real chaotic
signal is supposed to ’behave’ like a white noise
for the PSD and the autocorellation, it means
that the PSG of the signal should be flat and
the autocorellation almost flat except for τ=0(a
peak). The following graphs show the PSD
and the plot of the autocorellation for the most
chaotic signal we recorded (amplitude=800 counts,
frequency=8Hz).
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Figure 16: Power Spectrum Density of the sig-
nal (A=800, f=8Hz)

Figure 17: Autocorellation of the signal
(A=800, f=8Hz)

Test for chaos Some articles present tests
for chaos, even if they are not perfect, they
usually have been tasted on a lot of well-known
systems. The one we used comes from the ar-
ticle [GOT09] (which is an evolved version of a
previous paper) and exhibits some good results.
Some critisms have been made (see [HU05] and
the response [GOT06]). after running the test
on our data, we find that the time series with
an amplitude of 800 counts and a frequency of
8Hz is the ’most chaotic’ one.

Figure 18: Bifurcation Diagram of the Logistic
Map

Figure 19: 0-1 test for the logistic map

As we can see, the algorithm works pretty
well for the Logistic Map, with very low value
when the signal has just few periods. On our
data, we get these graphs:

3.2 Lyapunov Exponents
One ’signature’ of a chaotic system is a positive
value for the biggest Lyapunov exponent. Lya-
punov exponents are quantities that describe
the rate of separation of infinitesimally close
trajectories. for two close phase-space trajec-
tories with an initial separation of ∆(t0) , the
evolution of this separation is exponential such
that: ∆(t) = exp(−λ.t).∆(t0)

In a system of d dimensions, d exponents
can be evaluated, one for each axe. One condi-
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Figure 20: 0-1 test for frequency of 5,6 and 7Hz

Figure 21: 0-1 test for a frequency of 8Hz

tion for an strange attractor is to have the sum
of its exponents negativ so it will not occupy
the whole space and have at least one positive
exponent so the strange attractor does not con-
verge to a point or a single trajectory.

In the litterature, we can find several differ-
ent ways to evaluate this exponents. Generally,
the sum is always negative and we only need
to check the value of the largest Lyapunov ex-
ponent. In our case, since we cannot define
our system with continuous equation, we need
to use special methods. The first paper to in-
troduce an algorithm to evaluate Lyapunov ex-
ponents from time series was [WOL84]. Since
then, some improvements have been made. The
algorithm I used is based on the following pa-
per [ROS93], the algorithm is well-discribed in
the 10 first pages of the article. Nevertheless
on some well-known system (Lorenz, Logistic

map, Henon) my code tends to underestimate
the value of the largest exponent (but it is still
a positive value) compare to what I found in
the litterature.

Applied on the signal with A=800 counts,
f=8Hz, I found: λ=0.2
(I run several times the algorithm on different
part of the the signal and on the whole signal
and 0.2 seems to be the ceonvergence value)

3.3 The Phase-Space Reconstruc-
tion

For the phase-space reconstruction, one needs
to know to parameters: m (the embedding di-
mension) and τ (the time delay). The embed-
ding dimension can be defined as the number of
axis of a return map sufficient to describe the
properties of the corresponding phase space. It
can be estimated by using the correlation inte-
gral.

The Correlation dimension The correla-
tion dimension (noted v) is one of the charac-
teristics of a strange attractor. It is not the
Hausdorff dimension (noted D) which is hard
to evaluate.In general, v. The correlation di-
mension is determined by the variation of N(r)
(numbers of points) in a p-dimensional hyper-
sphere of radius r, as r varies. For a random
signal, the number of points evolves as rv. In
practice, we evaluate C(r), known as the corre-
lation integral:

C(r) = limn→∞
1

n2
.

n∑
i,j=1

H(r − |xi − xj |) (1)

For a white noise, the values of C(r) are sup-
posed to grow like rv, with v being the corre-
lation dimension. As m increases, v continues
to grow and on a loglog graphic, we observe no
saturation for the slope.

For the signal with an ampitude of 800 and
a frequency of 8Hz, at a certain point in the
value of m the slope stops to grow and we ob-
serve a saturation. (Notice that C(r) = rv is
usually only true for little values of r) Then, the
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Figure 22: Log-Log plot of the correlation inte-
gral for a white noise signal

convergence value is an estimation of the cor-
relation and the value of m for which we start
to observe a saturation corresponds to the em-
bedding dimension.

Figure 23: Log-Log plot of the correlation inte-
gral for a white noise signal

As we can see, the treshold seems to be m=3
(for m>3, the lines are almost parallel), but it
is a graphical estimation so it is not perfect but
gives an first good estimation of the value of
the embedding dimension we need to use for
the phase-space reconstruction.

The estimated value for the correlation dimen-
sion is approximately 1.1, but this value comes
from only one time series of our system, has
been evaluated by a linear regression in Matlab
and the beginning of the curve is not perfect so
it is just a first approximation.

The Time-Delay Different methods exist to
determine the value of the time delay. In his
article [FRA86], W explains that tacking the
first zero of the mutual information function is
a good choice whereas W2 shows that the first
minimum of the autocorrelation function is bet-
ter choice (see [LIE89]). For the signal with an
amplitude of 800 counts and for 8 Hz, we have
the following autocorellation function (I used a
normalized version of the time series)
This method gives τ=16ms

Another way to estimate m and τ There
are several methods in the litterature, the one
we used is taken from [GAU03]. The interesting
idea of fixing m and τ in the same time stems
from the fact that we usually choose one param-
eter and then adjust the other. That could be
a bad choice, indeed if τ is too small, it leads
to a larger value for m what will increase of
complexity and if τ is too big, then the signal
becomes too discrete and fails to capture the
real dynamic of the system. this method relies
on the evaluation of an entropy ratio. The algo-
rithm is not too complex to compute and gives
the following results:

m=2, τ=10ms

The results are not exactly the same as the
ones given by the correlation integral and the
autocorellation methods but they are very close
and suggest the range we need to investigate.(Since
our data suffer from a lot of noise, it could ex-
plain the divergence of our results because this
method requires ’clear structure’ in the phase-
space what is not exactly our case).
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4 Conclusion
Despite some difficulties in our experiments (such
as noise, use of a video camera, integer fre-
quencies), our results are consistent and exhibit
new features. The estimation of the correlation
dimension and the Lyapunov exponents from
a real time series are interesting because they
characterize the system. Nevertheless, the use
of the set (m,τ) to rebuild the phase-space gives
a strange graph which looks very noisy. Fur-
ther work is needed, especially for larger am-
plitude and one should also try to reduce the
noise in order to collect better data (for in-
stance using accelerometer). One could also
use another spring or try different force for the
robot. A great attention should be pay for the
motion of the system because sometimes the
robot wasn’t able to deliver a perfect sinusoidal
due to some blocking. And last but not least,
with more (and better) data, one could check
the relevence of the simulation of [VAK91] and
with the whole set of Lyapunov exponents one
could estimate the dimension of the attractor
Mori or Kaplan and Yorke’s conjonctures.

References
[YOR75] T.Y. Li and J.A. Yorke : Period 3

implies chaos, American Mathemat-
ical Monthly, 82(1):985-992, 1975

[GOT09] Georg A. Gottwald and Ian Mel-
bourne : On the Implementation of
the 0-1 Test for Chaos, Siam Jour-
nal on Apllied Dynamical Systems,
8(1):129-145, 2009

[RAI84] M.H. Raibert, H.B. Brown and M.
Chepponis : Experiments in bal-
ance with a 3D one-legged hopping
machine, International Journal of
Robotics Research, 3(2):75-92, 1984

[VAK91] A.F. Vakakis, J.W Burdick and
T. . Caughey : An interesting
strange attractor in the dynamics of
a hopping robot, International jour-
nal of robotics research, 10(6):606-
618, 1991

[KOD88] Daniel E. Koditschek and Martin
Bühler : Analysis of a simpli-
fied Hopping Robot, Proceedings of
IEEE International Conference on
robotics and Automation, Volume 2,
1988, pages 817-819, 1988

[GAU03] Gautama, T., Mandic, D.P. and
Van Hulle : A Differential Entropy
Based Method for Determining the
Optimal Embedding Parameters of
a Signal, Proceedings of the IEEE
Conference on Acoustics, Speech,
and Signal Processing, 2003

[FRA86] A.M. Fraser and H. Swinney : Inde-
pendent coordinates for strange at-
tractors from mutual information,
Phys. Rev. A 33:1134-1139, 1986

[LIE89] W. Liebert and H.G. Schuster :
Proper choice of the time delay for
the analysis of chaotic time series,
Phys. Lett A 142:107, 1989

[BER84] P. Berge, Y. Pomeau and C. Vidal
: Order within chaos: towards a de-
terministic approach to turbulence,
a Wiley-Interscience publication

[MAL83] B. Malraison, P. Atten, P. Berge and
M. Dubois : Dimension of strange
attractors: an experimental deter-
mination for the chaotic regime of
two convective systems, Physics Ab-
stracts, 47.25Q-47.65, 1983

[WOL84] A. Wolf, J.B. Swift, H. L. Swin-
ney and J.A. Vastano : Determining
Lyapunov exponents from a time se-
ries, Physica 16D 285-317,1985

[ROS93] M.T. Rosenstein, J.J. Collins and
C.J. De Luca : A practical method
for calculating largest Lyapunov ex-
ponents from small data sets, Phys-
ica D., 1993

[HEI05] H.F. Liu, Z.H. Dai, W.F. Li, X.
Gong and Z.H. Yu : Noise robust es-
timates of the largest Lyapunov ex-
ponent, Physics Letters A 341, 119-
127, 2005

9



[ZEN05] X. Zeng, R. Eykholt and P.A. Pielke
: Estimating the Lyapunov exponent
spectrum from short time series of
low precision, Physical Review Let-
ters, Vol. 66, nř25, 1991

[LEI2002] M. Lei, Z. Wang and Z. Feng : A
method of embedding dimension es-
timation based on symplectic geome-
try, Physics Letters A 303, 179-189,
2002

[HU05] J. Hu, W.W. Tung, J. Gao and
Y Cao : Reliability of the 0-1 test
for chaos, Physical Review E 72,
056207, 2005

[GOT06] G. A. Gottwald and I. Melbourne : Comment
on ’Reliability of the 0-1 test for chaos’, found
on the Internet, maybe not published, 2006

10


